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Abstract-Shear horizontal gap wave propagating between
functionally graded piezoelectric material (FGPM) layer
and a layered piezoelectric structure is investigated
analytically. The electrically open conditions on strip
surface are applied to solve this problem. The phase
velocity can be numerically calculated for the electrically
open case, with different thickness of the layer and
wavenumber. The effect of the gradient variation about
material on the phase velocity is discussed in detail. We
find that gradient distributing of the material properties
has remarkable effect on the phase velocity of the gap
waves.

I . INTRODUCTION

It is well known that gap waves can be utilized in
piezoelectric devices for various applications, because of
electric fields can exist in free space. Anti-plane
piezoelectric gap waves in piezoceramic structure were
studied in [1]-[2]. Piezoelectric gap waves between a
piezoceramic half-space and a piezoceramic plate were
investigated in [3]. A new-style material called
functionally graded material (FGM) was proposed to
solve problems in the thermal-protection systems of a
space-plane in 1980s. From then on, FGM has attracted
interest of investigators from many kinds of disciplines.
Today, FGM can be used not only in thermal-protection
systems but also in electronic and many other fields. The
results obtained for the FGM layered structures lead us to
consider that the FGM may be applicable to surface
acoustic wave (SAW) devices.

Since White [4] invented the interdigital transducers
utilized for transmitting and receiving SAW in 1965,
SAW are applied successfully to electronic industry, such
as filters, delay lines, resonators and oscillators etc. With
the development of the material technology, FGPMs are
manufactured and used in SAW devices to improve the
efficiency and natural life of the SAW devices. Hence, the
research of wave propagation Dbehaviors and
characteristics in FGPM has become a topic of practice
importance. Liu and Tani investigated surface waves in
FPGM plates with the application of strip element method
[5-10]. Han et al. introduced a hybrid numerical method
(HNM) to analyze characteristics of waves and transient
responses in FGM cylinders [11-12]. Recently Han and
Liu investigated the frequency and group velocity
dispersion behaviors, and characteristic surfaces of waves
in FGPM cylinders using an analytical numerical method
[13]. Li et al. studied the behaviors of Love waves in a
layered functionally graded piezoelectric structure using
‘WKB method [14].

In this paper, shear horizontal gap wave propagation in
a functionally graded piezoelectric strip and a layered
piezoelectric structure is investigated analytically.
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II. PROBLEM FORMULATION

Consider a FGPM strip and an elastic substrate covered
by a thin piezoelectric material layer illustrated in Fig.1.
The piezoelectricity of the strip and the thin layer is
polarized in z-axis direction. On the assumption that the
SH waves propagate in the y direction, the total out-of-

plane displacement and the electric potential are
expressed as

u(x,y,t)=0, v(x,y,t)=0,

w=w(x, y,1) . §=9(x,y.1) , e9)

where u,v,w are the displacements and ¢ is the electric
potential. The strains and the electric field can be given as

2
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where y, and E, are the strains and electric field,
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respectively. The non-vanishing shear stresses can be
given as

ow 99
T =Cus-Tes5
) ox ox @)
7=y Wie, 2
¥z 44 ay 15 ay 4
where ¢, and ¢, are the elastic modulus and
piezoelectric coefficient, respectively. The electric
displacements are expressed as
D, =615ﬂ_€1187¢’
ox ox )
ow 29
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where ¢, is the permittivity. The equations of motion for

a piezoelectric medium are given as
0jj.; = PU;>
(6)
D, =0,

where p is the mass density. Substituting (1)-(5) into (6)
we can obtain

e VwHeVip=p aa?f, 7)
e Vw—¢g,V9=0, (3)
where V7 is the two-dimensional Laplacian . Let
9=9-"2w, )
é‘ll
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Fig. 1 Piezoelectric layered structures
equations (7)-(8) can be rewritten as Substituting (15) and (16) into (4) and (5) we can obtain
L Viw= pz%v ; (10) 7. =—Ac,kb,e”"" cos(ky — @), (18)
t
D" = A ke, e™ cos(ky — ar). (19)
V=0, 11) o = Ake
3.2 Solutions in the region B (piezoceramic)
where
. el The displacement and electric potential can be expressed
Coyg =Cyt—— (12) as 14
11
The different regions are indicated as wy (X, y,1) = Bie™™" cos(ky — @) , (20)
A:1x20,—e0 <y <+oo, Si0,. @y (x, y,1) = B,e™ cos(ky — ax) . @1
B:—h < x<0,—00 <y <+oo, Piezoceramic. Substituting (20) into (10) we can obtain
C:—(h +h) < x<—h,—00< y < oo, Air-gap. B2 =]_pr2 ' 22)
. . CB
D=l +hy+hy) < x<—(hy +hy), , FGPM strip.
TSy <teo Substituting (20) and (21) into (4) and (5) leads to
E:x<—(h+hy+hy),—0 <y <+oo , Al ]
! ¢, =(B,e™ +B, e—Be’“’R*)cos(ky —ar), (23)
III. SOLUTION OF THE PROBLEM €y
3.1 Solutions in the region A (SiO,) 7, =—k[Ceybye ™" + Deye™] (24)
The displacement and electric potential must satisfied cos(ky - ar)
the radiation condition w,,¢, 50 if x—+e~ . The DP = Bke,e™ cos(hy — ) . 25)
displacement and the electric potential can be expressed
as 3.3 Solutions in the region C(air-gap)
w, (x,y,t) = Ae " cos(ky — axr), The electric potential should be satisfied the Laplace
" (15)  equation in the air-gap. The solution for the electric
@ (x, y,1) = Aye ™ cos(ky — @), potential can be written as
where A,A, are unknown constants. Substituting (15) 8. (x,y,1) =[C, sinh(—kx) + C, cosh(—kx)] 26
into (11) we can obtain cos(ky — ax), (26)
by =1- ‘; , (16) The electric displacement can be given as
CY
. DC = ke [C, cosh(—kx) + C, sinh(—kx)] o
where ¢ is the phase velocity and c=w/k. ¢, is the cos(ky — ar),

shear wave velocity in the SiO, , and . e
y e where £ is the permittivity in the vacuum.

Cin =NCAT Pa - an 3.4 Solutions for the region D(piezoceramics)
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The constitutive equations of the functionally gradient
piezoelectric materials can be written as

7, _c[)(x)%+el)( )%s
2 =6y () 2y (1) 22,
- ox ox (28)
DP=¢ (x)a—w—é‘ ( )aj,
P ax " ox
b J d
D =6 (156 ()5

In order to obtain an exact solution, we here assume
that all material coefficients of the piezoelectric strip as
Fig.1 have the same exponential function distribution
along the x-axis direction, i.e.

0_Bx

e (x)=cpe ve*

. ep(x)=ep

& (x)= e’ . py (x)= pre’.

s

(29)

Substituting equations (28)-(29) into equation (7)-(8),
the governing equations of the piezoelectric layer are
obtained as follows

B Iy +e0V2w, = ggﬂ%+ggV2¢D, (30)
ox ox
cgﬁ—aw[’ +cpViw, +ep B 99, +e) Vg,
ox ox
. 31)
_ 0 °w,
Yoot
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0
e
vy =9, __[(;WD’
ED
equations (9) and (10) can be rewritten as follows
1(, e ( oWy oo j 9’w,
— | cp + —2+V = , 32
e e @
Wy, 2
Yij +Viy, =0. (33)
ox

Assuming the solutions of the equation (32) and (33) are
W, =V, (x)exp[ik(y—ct):l, (34)
Wy =W, (x)exp[ik(y - ct):l.

The ordinary-differential equations can be obtained as
follows

v (x)+ By, (x) - Ky, (x)=0, (35)
2
wg(x)+ﬁwl'3(x)+[cz—l]kzwD(x)=0 s (36)
sh
02
where ¢, = lo[cg +eDOJ .
pD SD
The solution of the equation (35) is
¥, (x)=Die" +Dse™, (37
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where 1, =
’ 2

The solution of the equation (36) is obtained as
wp (x) =(D,e™ cos Ax+D,e™ sin Ax)

exp[ik (y —ct)],
(38)

2
when ¢* > ¢l | 1+ /7)2 .
’ 4k

where

2
s=—f12, A= /4k2[1—62)—ﬁ2.
2 Cy

Substituting equation (37) and equation (38) into
equation (30), the electric potential can be obtained

¢, =(De"™ + Dze’z’“)exp[ik(y - ct)]

0 (39)
+%(D3e‘” cos Ax+D " sin Ax)exp [ik (y- ct)].
D
2
when ¢’ > ¢, 1+'B—2 .
T 4k
7, = cpe " ik(D, cos Ax + D, sin Ax)explik(y —c1)]
+ggeﬂxik[Dle"" +D,e™" + (40)
e—?) e" (D, cos Ax + D, sin Ax)]exp[ik(y — c1)],
gD
DP = —gle? (Dre™ + D, e Yexplik(y —ct)]. “41)

3.5 Solutions in the region E(air)

Electric potential
equation in the air. Let

@, (x,y,1) = Ee* cos(ky — axr),

D =—Eke e" cos(ky —ar).

must be satisfied the Laplace

(42)
(43)

IV. BOUNDARY CONDITIONS

The continuous conditions and boundary conditions for
the electrically open case on the surface of the strip are
given as follows

At x=0:

Py =g, Wy = WB’T?Z:TE’D?:DE‘ (36)
At x=—h : ¢,=¢., D’ = DC. 37
At x=-(l+h): ¢.=4¢,, D= DP. (38)
At x=—(hy+hy+hy):

¢D:¢E’ D?: DXE’ TE =0 (39)

Substituting (15)-(35) into (36)-(40) we can obtain the
constants A, A,.B,,B,.C,,C,,D,,D,,D,,D,,E for electrically
open case.

V.RESULTS AND DISCUSSION



The material constants are given as Table 1. The
calculation results of the phase velocity and the
distribution of the displacement and shear stress are
illustrated as Figs. 2-4.

Fig.2 shows that the phase velocity for the electrically
open case with different gradient factor with
h, =0.000lmm . We can find that the phase velocity

increases with the increases of the gradient factor under
the same non-dimensional wavenumber.

Fig.3 indicates that the distribution of the displcement
along the thickness of the FGPM strip for the electrically
open case. It can be seen that the small difference among
the displacements for the same thickness coordinate along
the FGPM strip due to the variant gradient factor.

Fig.4 shows that the distribution of the stear stress
along the thickness of the FGPM strip for the electrically
open case. We can find that the stress decreases with the
increase of the gradient factor.

VI. CONCLUSIONS

Shear horizontal gap wave propagating between
functionally graded piezoelectric material (FGPM) layer
and a layered piezoelectric structure is investigated
analytically. The electrically open conditions on strip
surface are applied to solve this problem. The phase
velocity can be numerically calculated for the electrically
open case, with different thickness of the layer and
wavenumber. The effect of the gradient variation about
material on the phase velocity is discussed in detail. We

Table 1 Constants of the Materials

find that gradient distributing of the material properties
has remarkable effect on the phase velocity of the gap
waves.
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Fig.2 Phase velocity versus non-dimensional wavenumber
with h, =0.0001mm
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Fig.3 Distribution of the displacement along the thickness of

the FGPM strip with
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Fig.4 Distribution of the shear stress along the thickness of
the FGPM strip with h, = 0.0001mm
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